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11.5.1 EXERCISES

APPLICATIONS OF TRIGONOMETRY

For a link to all of the additional resources available for this section, click OSttS Chapter 11 materials.

In Exercises 1 - 20, plot the graph of the polar equation by hand. Carefully label your graphs.

For help with these exercises, click the resource below:

e Graphing polar equations

1. Circle: r = 6sin(f) 2. Circle: r = 2cos(6)

3. Rose: r = 2sin(26) 4. Rose: r = 4 cos(26)

5. Rose: 7 = 5sin(30) 6. Rose: r = cos(50)

7. Rose: r = sin(46) 8. Rose: r = 3cos(46)

9. Cardioid: r = 3 — 3 cos(f) 10. Cardioid: r = 5+ 5sin(6)
11. Cardioid: 7 = 2+ 2 cos(6) 12. Cardioid: » =1 — sin(6)
13. Limagon: r = 1 — 2 cos(f) 14. Limagon: r = 1 — 2sin(0)
15. Limagon: 7 = 2v/3 4 4 cos(6) 16. Limagon: r = 3 — 5cos(0)
17. Limacon: r = 3 — 5sin(f) 18. Limacon: r = 2 + 7sin(0)
19. Lemniscate: 72 = sin(26) 20. Lemniscate: r? = 4 cos(20)

In Exercises 21 - 30, find the exact polar coordinates of the points of intersection of graphs of the
polar equations. Remember to check for intersection at the pole (origin).

21. r =3cos(#) and r = 1 + cos(#) 22. r =1+sin(f) and r =1 — cos(0)
23. r=1-2sin(f) and r =2 24. r=1—2cos(f) and r =1

25. 7 = 2cos(f) and r = 2v/3sin(0) 26. r = 3cos(f) and r = sin(0)

27. 72 = 4co0s(20) and r = /2 28. r? = 2sin(20) and r = 1

29. r =4cos(20) and r = 2 30. 7 =2sin(20) and r =1


http://www.ostts.org/PreCalc11.html
http://www.ostts.org/resourcedisplay.php?objid=976
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In Exercises 31 - 40, sketch the region in the xy-plane described by the given set.

31 {(r,0)|0<r<3,0<60<2n} 32. {(r,0)]|0 <r < 4sin(d), 0 < 0 < 7}
33. {(r,0)|0 <r <3cos(f), -5 <0<7} 34. {(r,0)|0 <r <2sin(20),0< 0<%}
35. {(r,0)|0 <r <4cos(20), -5 <9< T} 36. {(r,0)|1<r<1-—2cos(d), 2 <0<3}

37. {(r,0) |1+ cos() <r <3cos(d), -5 << I}

38. {(r.0)|1 <7< /25n(20), ¥ <0<z

39. {(r,0)]0 <7 <2V3sin(),0<0<E}U{(r,0)|0<r<2cos(d), 2 <0<75}

40. {(r,0)]0 <7 <2sin(20),0< < HU{(r0)]|0<r<1, 5<0< 7%}

In Exercises 41 - 50, use set-builder notation to describe the polar region. Assume that the region
contains its bounding curves.

41. The region inside the circle r = 5.

42. The region inside the circle » = 5 which lies in Quadrant III.

43. The region inside the left half of the circle r = 6sin(0).

44. The region inside the circle r = 4 cos(#) which lies in Quadrant IV.

45. The region inside the top half of the cardioid r = 3 — 3 cos(0)

46. The region inside the cardioid r = 2 — 2sin(@) which lies in Quadrants I and IV.

47. The inside of the petal of the rose r = 3 cos(40) which lies on the positive z-axis

48. The region inside the circle r = 5 but outside the circle r = 3.

49. The region which lies inside of the circle r = 3 cos(f) but outside of the circle r = sin(6)

50. The region in Quadrant I which lies inside both the circle r = 3 as well as the rose r = 6 sin(20)
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While the authors truly believe that graphing polar curves by hand is fundamental to your under-
standing of the polar coordinate system, we would be derelict in our duties if we totally ignored
the graphing calculator. Indeed, there are some important polar curves which are simply too dif-
ficult to graph by hand and that makes the calculator an important tool for your further studies
in Mathematics, Science and Engineering. We now give a brief demonstration of how to use the
graphing calculator to plot polar curves. The first thing you must do is switch the MODE of your
calculator to POL, which stands for “polar”.

T I ENG Flokl Flokz Flotz Flokl Flokz Flotz
A “¢&E&255?59 iy = w1 B3cos 480l
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SET CLOCK (TR

This changes the “Y=" menu as seen above in the middle. Let’s plot the polar rose given by
r = 3cos(46) from Exercise 8 above. We type the function into the “r=" menu as seen above on
the right. We need to set the viewing window so that the curve displays properly, but when we
look at the WINDOW menu, we find three extra lines.

T HO W T HO

2min=H TRsLer=. 1302996, .
Bmax=6, 2831853 amin=-3

Bster=. 1382996, A=

Bmin= -3 necl=1

AMax=3 Ymin=-3

necl=1 Ymax=3
Y min=A Ve l=2

In order for the calculator to be able to plot » = 3cos(40) in the zy-plane, we need to tell it not
only the dimensions which x and y will assume, but we also what values of # to use. From our
previous work, we know that we need 0 < 6 < 27, so we enter the data you see above. (I'll say
more about the 6-step in just a moment.) Hitting GRAPH yields the curve below on the left which
doesn’t look quite right. The issue here is that the calculator screen is 96 pixels wide but only 64
pixels tall. To get a true geometric perspective, we need to hit ZOOM SQUARE (seen below in
the middle) to produce a more accurate graph which we present below on the right.

MEMORY
03
Z2iZoom In
SeZoom Ogt
4: Z0ecimal

SaLare
: 25t andard
LZ2Trig
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In function mode, the calculator automatically divided the interval [Xmin, Xmax] into 96 equal
subintervals. In polar mode, however, we must specify how to split up the interval [fmin, fmax]
using the fstep. For most graphs, a fstep of 0.1 is fine. If you make it too small then the calculator
takes a long time to graph. It you make it too big, you get chunky garbage like this.

You will need to experiment with the settings in order to get a nice graph. Exercises 51 - 60 give
you some curves to graph using your calculator. Notice that some of them have explicit bounds on
# and others do not.

o1.

93.

55.

o7.

59.

61.

r=60,0<60<I12rw 52. r=1In(A), 1 <6 <127
r=el 0<6<12n 54. r=6%2-6,-12<60<12
r = sin(56) — 3 cos(0) 56. r = sin3 (g) + cos? (%)
r = arctan(f), —7r <6 < 58. r = _
1 — cos(0)
1 1
r= m 60. r = m
How many petals does the polar rose r = sin(260) have? What about r = sin(30), r = sin(46)

and r = sin(560)? With the help of your classmates, make a conjecture as to how many petals
the polar rose r = sin(nf) has for any natural number n. Replace sine with cosine and repeat
the investigation. How many petals does r = cos(n#) have for each natural number n?

Looking back through the graphs in the section, it’s clear that many polar curves enjoy various
forms of symmetry. However, classifying symmetry for polar curves is not as straight-forward as it
was for equations back on page 27. In Exercises 62 - 64, we have you and your classmates explore
some of the more basic forms of symmetry seen in common polar curves.

62.

Show that if f is even!” then the graph of = f(6) is symmetric about the z-axis.

(a) Show that f(f) = 2 + 4cos() is even and verify that the graph of r = 2 + 4 cos(0) is
indeed symmetric about the z-axis. (See Example 11.5.2 number 2.)

'"Recall that this means f(—6) = f(0) for § in the domain of f.
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(b) Show that f(6) = 3sin (g) is not even, yet the graph of r = 3sin (g) is symmetric about

the z-axis. (See Example 11.5.3 number 4.)
63. Show that if f is odd'® then the graph of r = f(f) is symmetric about the origin.

(a) Show that f() = 5sin(26) is odd and verify that the graph of r = 5sin(26) is indeed
symmetric about the origin. (See Example 11.5.2 number 3.)

b) Show that f(6) = 3cos () is not odd, yet the graph of r = 3 cos () is symmetric about
( 5 y grap 5) issy
the origin. (See Example 11.5.3 number 4.)

64. Show that if f(m — @) = f(#) for all  in the domain of f then the graph of r = f(0) is
symmetric about the y-axis.

(a) For f(0) =4 — 2sin(#), show that f(m —6) = f(#) and the graph of r = 4 — 2sin(#) is
symmetric about the y-axis, as required. (See Example 11.5.2 number 1.)

(b) For f(6) = 5sin(26), show that f(m—7F) # f (%), yet the graph of r = 5sin(26) is
symmetric about the y-axis. (See Example 11.5.2 number 3.)

In Section 1.7, we discussed transformations of graphs. In Exercise 65 we have you and your
classmates explore transformations of polar graphs.

65. For Exercises 65a and 65b below, let f(0) = cos(#) and g(6) = 2 — sin(6).

(a) Using your graphing calculator, compare the graph of » = f(6) to each of the graphs of
r=f (9+ %), r = f(0+ %T”), r=f (9— %) and r = f (9— %T’T) Repeat this process
for g(#). In general, how do you think the graph of r = f(6 + «) compares with the
graph of r = f(6)?

(b) Using your graphing calculator, compare the graph of r = f(#) to each of the graphs of
r=2f(0),r=3f(0),r=—f(0) and r = —3f(0). Repeat this process for g(f). In
general, how do you think the graph of r = k- f(0) compares with the graph of r = f(0)?
(Does it matter if £ > 0 or k < 07)

66. In light of Exercises 62 - 64, how would the graph of r = f(—6) compare with the graph of
r = f(0) for a generic function f? What about the graphs of r = —f(#) and r = f(0)? What
about r = f(6) and r = f(m—0)? Test out your conjectures using a variety of polar functions
found in this section with the help of a graphing utility.

67. With the help of your classmates, research cardioid microphones.

68. Back in Section 1.2, in the paragraph before Exercise 53, we gave you this link to a fascinating
list of curves. Some of these curves have polar representations which we invite you and your
classmates to research.

'8Recall that this means f(—60) = —f(6) for 0 in the domain of f.


http://en.wikipedia.org/wiki/List_of_curves
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Checkpoint Quiz 11.5
1. Graph the following equations:

(a) r=4sin(0) (b) r=4sin(30) (c) r=4—4cos(d) (d) r=2—4cos(h)

2. Find the points of intersection of the polar curves: r = 2 and r = 4 cos(260)
For worked out solutions to this quiz, click the links below:

e Solution Part 1

e Solution Part 2

e Solution Part 3



http://youtu.be/yUNV5XpyGrY
http://youtu.be/qIWggtDXcGs
http://youtu.be/DH98MquAw8M
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11.5.2 ANSWERS

1. Circle: r = 65sin(6)
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2. Circle: r = 2cos(6)
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4. Rose: r = 4cos(26)




11.5 GRAPHS OF POLAR EQUATIONS

7. Rose: r = sin(46)

9. Cardioid: r =3 — 3 cos(f)
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11. Cardioid: r = 2 + 2 cos(6)
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8. Rose: r = 3cos(46)
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10. Cardioid: r =5+ 5sin(6)
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12. Cardioid: » = 1 — sin(0)
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13. Limagon: r =1 — 2cos(6) 14. Limagon: r =1 — 2sin(6)
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1 // ~ o 14 -
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~
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\
-1 \ —
\
\
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—34 3

15. Limacon: r = 2v/3 + 4 cos() 16. Limacon: r = 3 — 5cos(0)
Y Y
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/
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17. Limagon: r = 3 — 5sin(6) 18. Limagon: r = 2 4 7sin(6)
Y Y
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19. Lemniscate: r? = sin(26)
Y

21. r =3cos(#) and r = 1 + cos(#)
Y

-3 -2 -1 1 x
-1

22. r =1+sin(f) and r = 1 — cos(f)
Y

1011

20. Lemniscate: r? = 4 cos(26)
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23. r =1 —2sin(f) and r = 2 g 1M\ (o Um
y ) 6 ) ) 6
31
—3 1 1 3 x
24. r=1—2cos(f) and r =1 1. T 131 _1
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25. r = 2cos(f) and r = 24/3sin(#) <\/§, %), pole
Y
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26. r = 3cos(f) and r = sin(h)
)

-3 -2 -1 12 T
—14

27. 72 = 4co0s(20) and r = /2
Y

28. r? = 2sin(20) and r = 1
Y
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29. r =4cos(20) and r = 2 2. ™\ (9 om 2 i
y (76>7 < ) 6 ) ) 6 )

b)) (=3).

30. r =2sin(20) and r =1 (1 1) 1 om 1 137
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3L {(r,0)|0<r<3,0<0< 2} 32. {(r,0)|0 <r <4sin(d),0<0 <7}
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35. {(r,0)|0 <r<dcos(20), -T << T} 36. {(r,0)|1<r<1-—2cos(d), 3 <0<}
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37. {(r,0) |1+ cos(9) <r <3cos(f), -5 <0 <
Y
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38. {(7«,9) 11<r</2sin(20), B2 <0< 117—2”}
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39. {(r,@)\OSTﬁQ\/gsin(H),OSHS %}U{(T,9)|O§r§2008(9), §50<
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40. {(r,0)]0 <r <2sin(20),0< < HU{(r,0)]|0<r<1, <0< 7}
Y

1. {(r,
42.
43. {
44. {
45. {(r,0
46. {(r,0

47, {(r,0)|0 <r < 3cos(40), 0 <O < T}
<

48. {(r,0)|3<r<5,0<0<2r}
49. {(r,0)|0 <r <3cos(h), —T <0 <0}U {(r,0) ] sin(d) <r < 3cos(f), 0 < 0 < arctan(3)}
50. {(r,0)|0 <r<6sin(20),0<0< ZIU{(r,0)|0<r<3, 5<6<321U

{(r,0)|0 <r <6sin(20), 32 <9< 7}



